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A pulsed scheme for generating robust optical entanglement via the coupling of two optical modes
to a mechanical oscillator is proposed. This scheme is inspired by the Sørensen-Mølmer approach
for entangling trapped ions in a thermal environment and is based on the use of optical driving
pulses that are slightly detuned from the respective sideband resonance. We show that for certain
pulse durations, the optomechanical interaction can return the mechanical oscillator to its initial
state. The corresponding entanglement generation is robust against thermal mechanical noise in
the weak as well as the strong coupling regimes. Significant optical entanglement can be generated
in the weak coupling regime, even in the presence of a large thermal phonon occupation.
Introduction- In an optomechanical resonator, a me-
chanical oscillator can interact with any of the optical
modes via radiation pressure. This property can enable a
quantum interface that converts photons between vastly
different wavelengths or couple together different types
of quantum systems in a hybrid quantum network [1–
11]. A multi-mode optomechanical system also provides
an experimental platform for generating continuous vari-
able quantum entanglement of optical modes through the
formation of Bogoliubov optical modes, and in particu-
lar, for generating entanglement between optical and mi-
crowave modes [12–15].
Entanglement generation is often hampered by dissi-
pation and decoherence induced by the unavoidable cou-
pling to the environment. For generation of optical en-
tanglement via an optomechanical process, a major ob-
stacle is the coupling of the mechanical oscillator to the
thermal reservoir. A recently proposed scheme has ex-
ploited the coherent dynamics of the Bogoliubov modes
to circumvent thermal mechanical noise [13]. The ther-
mal robustness of the Bogoliubov-mode based schemes
hinges on the achievement of very strong optomechanical
coupling, for which the effective multi-photon optome-
chanical coupling rate far exceeds the damping rates of
the relevant optical and mechanical modes. Although
strong coupling has been achieved for individual optome-
chanical systems in both optical and microwave regimes
[16–18], it is exceedingly difficult to have the optome-
chanical coupling rate to be much greater than the cavity
decay rate in the optical regime, especially in a setting
that is suitable for generating entanglement between op-
tical and microwave modes.
In this letter, we propose and analyze an optomechan-
ical scheme for optical entanglement generation, which
takes advantage of a special class of multi-mode interac-
tion Hamiltonian, instead of Bogoliubov modes, to cir-
cumvent thermal mechanical noise. This scheme is in-
spired by earlier theoretical and experimental studies on
entangling trapped ions in a thermal environment [19–
21]. In these studies, the entanglement operation takes
place via the mechanical degrees of freedom of the ions.
As shown by Sørensen and Mølmer, robust entanglement
can be achieved in a thermal environment with a class of
Hamiltonian that returns the motion of the ions to their
initial state upon the completion of the entanglement
operation [20, 21]. Here, we outline a pulsed entangle-
ment scheme using an optomechanical interaction Hamil-
tonian that has the features of the Sørensen-Mølmer (S-
M) mechanism. The entanglement scheme, which will
be referred to as the Sørensen-Mølmer scheme, can func-
tion in the weak as well as strong coupling regime. In
comparison with the Bogoliubov-mode based schemes,
the Sørensen-Mølmer scheme can remain robust against
the thermal mechanical noise even in the weak coupling
regime. Our theoretical analysis shows that significant
optical entanglement can be generated in the weak cou-
pling regime, even in the presence of a large thermal
phonon occupation (nth ∼ 1000).
Three-mode optomechanical system- We consider an
optomechanical system, in which two optical modes with
resonance frequencies ωc,i (i = 1, 2) and cavity linewidths
κi, couple to a mechanical oscillator of frequency ωm and
mechanical linewidth γ (see Fig. 1a). The optomechan-
ical coupling is driven by strong laser fields of frequency
ωL,i near the mechanical sideband of the respective cavity
resonance. This type of three-mode optomechanical sys-
tems has already been used for the experimental demon-
stration of optomechanics-based optical wavelength con-
version [8–10] and for the realization of an optomechan-
ical dark mode [8, 22]. In a frame where each optical
mode rotates at its driving frequency ωL,i, and after the
standard linearization process, the effective Hamiltonian
of the system is
H = ωmb
†b+
2∑
i=1
(
∆ia
†
ia+ gi(ai + a
†
i )(b + b
†)
)
, (1)
where b and ai are the annihilation operators for the
mechanical and optical modes, respectively, and ∆i =
ωc,i − ωL,i is the detuning of the driving field from the
respective cavity resonance. The effective coupling rate
gi is controlled by the strength of the driving field accord-
ing to gi =
√
Nig0,i, where Ni is the intra-cavity photon
number for the driving field and g0,i is the single-photon
optomechanical coupling rate.
2The linearized interaction Hamiltonian couples each
optical mode to the mechanical oscillator with two types
of interaction. A beam-splitter interaction, associated
with the term gi(a
†
i b + aib
†), is an anti-Stokes scatter-
ing process that can enable state transfer between opti-
cal and the mechanical systems. A two-mode squeezing
interaction, of the form gi(aib + a
†
i b
†), is a Stokes scat-
tering process that generates correlated phonon-photon
pairs. The beam-splitter interaction has been used for
the experimental realization of coherent inter-conversion
between optical and mechanical excitations [18, 23, 24]
as well as the optomechanically-induced transparency
[17, 25, 26] and has also been exploited for optical wave-
length conversion in the three-mode optomechanical sys-
tem. The two-mode squeezing interaction has been em-
ployed in earlier theoretical proposals for generating con-
tinuous variable entanglement between optical and me-
chanical modes and also between two mechanical modes
[27–32].
For the generation of two-mode optical entanglement,
mode 1 is driven near the red sideband, at frequency
ωL,1 = ωc,1 − ωm − ∆, while mode 2 is driven near the
blue side-band, at frequency ωL,2 = ωc,2+ωm+∆, where
∆ is the detuning from the sideband resonance, as illus-
trated schematically in Fig. 1b. The optomechanical
system is assumed to be in the resolved sideband limit,
with ωm ≫ κ1,2 ≫ γ, such that a driving field near the
red sideband or blue sideband drives either the beam-
splitter or two-mode squeezing interaction, respectively.
Heuristically, entanglement between modes 1 and 2 in
this system is generated in two steps. The two-mode
squeezing interaction driven by the laser field near the
blue sideband generates entanglement between phonons
in the mechanical oscillator and photons in mode 2. The
beam-splitter interaction driven by the laser field near
the red sideband then maps the state of the entangled
phonons onto photons in mode 1.
Sørensen-Mølmer Mechanism- To gain insights into
the dynamics of the coherent optomechanical interactions
and to discuss the S-M mechanism for the three-mode op-
tomechanical system, we first ignore the damping of both
optical and mechanical systems and adjust the optome-
chanical coupling rates for the two optical modes such
that g1 = g2 = g. In this limit, the interaction Hamil-
tonian for the entanglement generation falls into a class
discussed originally by Mølmer and Sørensen and also by
Milburn [19, 21, 33]. For this class, the exact propagator
can be written in a form
U(t) = e−iA(x,p,t)e−iF (x,p,t)xbe−iG(x,p,t)pb , (2)
where x = x1+x2 and p = p2−p1 are EPR-like variables,
with the dimensionless quadrature variables defined as
xi = (ai + a
†
i )/
√
2, pi = i(a
†
i − ai)/
√
2, and similarly for
the mechanical mode operators xb and pb. At regularly
spaced time intervals tn = 2πn/∆,
F (x, p, tn) = G(x, p, tn) = 0, (3)
returning the mechanical degrees of freedom to their ini-
tial states. At the same time, A(x, p, tn), which is given
by,
A(x, p, tn) = − g
2
2∆
(x2 + p2)tn (4)
generates entanglement between modes 1 and 2, accord-
ing to
U †(x, p, tn)a1(2)U(x, p, tn) = µa1(2) + νa
†
2(1), (5)
where µ = 1 + ir and ν = ir, with a squeezing param-
eter r = g2tn/2∆ (see the supplementary materials for
the derivation of the propagator and for the analytical
expression of the entanglement).
It is remarkable that independent of the particular
form of the initial state of the system, the mechanical os-
cillator periodically returns to its initial state, and leaves
the optical modes increasingly entangled upon each re-
turn. The entanglement is generated through the me-
chanical motion of the system. However, the final entan-
gled optical state contains no information of the mechani-
cal system, and can thus be robust against thermal Brow-
nian noise that enters the system through the mechanical
oscillator. Note that in the limit of large detuning ∆, the
mechanical degrees of freedom can be adiabatically elim-
inated. The optical entanglement generation can thus
become thermally robust without satisfying the condi-
tion, tn = 2πn/∆. The large detuning, however, limits
the amplitude of the squeezing parameter and hence the
degree of entanglement that can be achieved.
Analysis with Langevin equations- We have used the
quantum Langevin equations to analyze in detail the dy-
namics of the entanglement generation and especially the
effects of thermal mechanical noise. We work in a rotat-
ing frame H˜ = URHU
†
R, where H is the Hamiltonian
of Eq. (1), and UR = e
i(ωm+∆)(a
†
1
a1−a
†
2
a2+b
†b)t. In this
frame, the quantum Langevin equations in the resolved
sideband limit have the form
a˙1 = −κ1
2
a1 − ig1b−√κ1ain,1 (6)
a˙†2 = −
κ2
2
a†2 + ig2b−
√
κ2a
†
in,2 (7)
b˙ = −(i∆+ γ
2
)b− ig1a1 − ig2a†2 −
√
γbin, (8)
where the resolved sideband limit has allowed us to
drop all counter-rotating terms. The input operators for
the optical modes, ain,i(t), characterize the optical cav-
ity coupling to the vacuum, and have correlation func-
tions 〈ain,i(t)a†in,i(t′)〉 = δ(t − t′). The Brownian noise
that enters the system through the mechanical degree
3of freedom is described by the operator bin(t). We as-
sume the system to have a sufficiently large mechani-
cal quality factor Qm = ωm/γ such that the Brownian
noise can be approximated to be Markovian [34], with
〈bin(t)b†in(t′)〉 = (nth + 1)δ(t− t′).
The entanglement is generated for optical driving
pulses with a given duration and is quantified with the
logarithmic negativity, EN [35, 36]. We limit the dura-
tion of the optical pulse to ensure that the optomechani-
cal system remains dynamically stable and that nonlinear
optomechanical interactions are negligible. For typical
optomechanical systems, the mechanical damping rate
can be much smaller than both the cavity linewidth and
the effective optomechanical coupling rate. To generate
strong entanglement and maintain thermal robustness,
we have used sideband detuning that is less than g, but
far exceeds γ. In the following, we first consider the intra-
cavity entanglement in the strong coupling regime, where
g ≫ κi. We then analyze the entanglement contained in
an output mode for a system in the bad cavity limit with
g ≪ κi.
Strong coupling- Figure 2a plots the intracavity entan-
glement generated in the strong coupling regime. As
shown in Fig. 2a, the negativity oscillates as a func-
tion of time, with the peaks or the maxima of the neg-
ativity located at times tn, when the mechanical degree
of freedom is returned to its initial state, as anticipated
from the above theoretical treatment without the inclu-
sion of the damping processes. With increasing thermal
phonon occupation, the maxima decrease gradually, but
the oscillation becomes much more pronounced, with the
minima in the negativity quickly approaching zero, illus-
trating the importance and also the effectiveness of the
S-M mechanism in circumventing the thermal mechanical
noise.
For comparison, Fig. 2b plots the intracavity entangle-
ment as a function of time, generated in the same system
and under otherwise similar conditions by the method of
the Bogoliubov mode [13]. In this case, the entanglement
maxima occur when the mechanical oscillator returns to
its initial state through the Rabi oscillation of the bright
Bogoliubov modes that couple to the mechanical oscilla-
tor. The period of the oscillation in the negativity in Fig.
2b is thus determined by the effective optomechanical
coupling rate of the bright modes. At very low thermal
phonon occupation, the Bogoliubov mode approach can
generate stronger maximum entanglement. However, the
entanglement is much more sensitive to the timing of the
optical field than that generated with the S-M mechanism
(see Fig. 2). A small deviation from an exact optome-
chanical π pulse leads to appreciable mixing between the
optical and mechanical excitations.
For a more detailed comparison of the thermal robust-
ness of the two entanglement schemes, we plot in Fig. 3
the maximum negativity obtained under the conditions
of Fig. 2 for each entanglement scheme as a function
of the initial thermal phonon occupation. As shown in
Fig. 3, the Sørensen-Mølmer scheme becomes advanta-
geous when nth exceeds 500, which further highlights
the robustness of the Sørensen-Mølmer scheme against
thermal mechanical noise. Because of the detuning from
the sideband resonance, the S-M mechanism is more ef-
fective in returning the mechanical oscillator to its ini-
tial state than the coherent dynamics of the Bogoliubov
bright modes and thus is more robust against thermal
mechanical noise.
Bad cavity limit- In the bad cavity limit, we solve the
optical modes adiabatically and investigate the entangle-
ment in the output of the cavity as a function of pulse
duration. The entanglement in the cavity output is more
relevant to experimental implementation and to potential
applications than the intracavity entanglement. Start-
ing with Eq. (6), the adiabatic solutions for the optical
modes are
a1(t) = −2ig1
κ1
b(t)− 2√
κ1
ain,1(t) (9)
a†2(t) =
2ig2
κ2
b(t)− 2
κ2
a†in,2(t), (10)
where b(t) is the formal solution of the mechanical mode.
Using the input-output relation aout = ain +
√
κa, the
cavity output is related to the input by
aout,1(t) = −2i
√
G1b(t)− ain,1(t) (11)
a†out,2(t) = 2i
√
G2b(t)− a†in,2(t), (12)
where
b(t) = b(0)e−zt + e−zt
∫ t
0
ezs
(
2i
√
G1ain,1(s) + 2i
√
G2a
†
in,2(s)−
√
γbin(s)
)
ds. (13)
The complex number z = Γ + i∆ contains an effective
damping rate Γ = 2G1 − 2G2 + γ/2, where the coupling
ratesGi = g
2
i /κi effectively characterize the optomechan-
ical interaction strength in the bad cavity limit. This also
leads to a modified requirement for the S-M mechanism,
G1 = G2.
The output modes aout,i(t) are improper continuous
operators, not well suited for characterizing entangle-
4ment. One may instead describe the system in a discrete
mode basis by defining independent discrete bosonic op-
erators [37]
A
(k)
out,i =
∫
dt φ∗k(t)aout,i(t) (14)
where i = 1, 2 again label the two optical modes of
the system, the index k labels members of a denumer-
ably infinite set, and the mode functions φk(t) form
a complete orthonormal basis under the inner prod-
uct
∫
dt φ∗k(t)φk′ (t). The operators defined by equa-
tion (14) satisfy the proper commutation relations,
[A
(j)
out,i, A
(k)†
out,i] = δjk, for characterizing the entanglement
of the output modes with logarithmic negativity.
We study the entanglement between two particular dis-
crete modes of the output, defined as
Aout,i =
1√
τ
∫ τ
0
dt aout,i(t). (15)
These modes have central frequencies at the cavity res-
onances ωc,1 and ωc,2, and describe pulses of duration
τ . By extracting only one mode from each output field,
we have performed a local operation, which can only de-
crease the total amount of entanglement in the system
[38, 39]. Thus, the entanglement we calculate gives a
lower bound on the total entanglement of the system.
The S-M mechanism remains effective in the regime of
weak optomechanical coupling. Figure 4a plot the entan-
glement contained in the modes defined by Eq. (15), as a
function of the pulse duration τ , and for various thermal
phonon occupations. Similar to the results obtained in
the strong coupling regime shown in Fig. 2a, we find that
the negativity oscillates with the pulse duration, with the
entanglement maxima occurring at pulse durations sat-
isfying the condition of tn = 2πn/∆. With increasing
thermal phonon occupation, the maxima decrease grad-
ually, while the minima quickly approach zero. Signifi-
cant entanglement can be still achieved with a thermal
phonon occupation of order 1000.
The S-M mechanism for the three-mode optomechan-
ical system requires equal effective optomechanical cou-
pling for the two optical modes. To illustrate this, we
plot in Fig. 4b the negativity as a function of the
thermal phonon occupation when the requirement of
G1 = G2 is satisfied (solid), and when the requirement
is not (dashed). Thermally robust entanglement can be
achieved only when G1 = G2 is satisfied. Note that with
∆ = 0 and in the weak coupling regime, thermally ro-
bust entanglement cannot be achieved regardless whether
G1 = G2 is satisfied.
Conclusions- In summary, we have presented a pulsed
approach, in which the optical driving fields are slightly
detuned from the respective sideband resonance, for gen-
erating optical entanglement in a three-mode optome-
chanical system. In this approach, the mechanical os-
cillator returns to its initial state and is disentangled
FIG. 1. (a) Schematic of the three-mode optomechanical sys-
tem. (b) Spectral position of the optical driving fields.
FIG. 2. Intracavity entanglement versus time. (a) Sørensen-
Mølmer scheme with g/γ = 4 · 103 and ∆/γ = 103. (b)
Bogoliubov mode scheme with g1/γ = 4 · 10
3 and g2/γ =
3.5 · 103. For both (a) and (b), κ1/γ = κ2/γ = 10 and the
time is in units of 2pi/(103γ). From top to bottom, nth =
10, 102, 103, 104.
with the optical modes upon the completion of the en-
tanglement operation. Although schemes based on the
use of the Bogoliubov modes can lead to greater en-
tanglement when the mechanical oscillator is near the
motional ground state, the Sørensen-Mølmer scheme is
more robust against thermal mechanical noise. In par-
ticular, significant entanglement can still persist at rela-
tively high thermal phonon occupation in the weak cou-
pling regime, providing a promising avenue for generating
optical entanglement, including that between optical and
microwave modes.
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UNITARY EVOLUTION
In this section we discuss the evolution of the three-
mode optomechanical system, neglecting all damping
terms. The interaction Hamiltonian for the system is
HI = (g1a1 + g2a
†
2)b
†ei∆t +H.c. (1)
We assume from now on that the optomechanical cou-
pling rates for the two optical modes are set equal, g1 =
g2 ≡ g. We define dimensionless quadrature variables
xi = (ai+ a
†
i )/
√
2, xb = (b+ b
†)/
√
2, pi = i(a
†
i − ai)/
√
2,
and pb = i(b
† − b)/√2. From the optical field quadra-
tures, we define two EPR variables x ≡ x1 + x2, and
p ≡ p2 − p1, which satisfy [x, p] = 0 and can therefore be
treated as numbers for the current treatment. In terms
of these variables, the interaction Hamiltonian can be
written in the form
HI = f(t)xb + g(t)pb. (2)
The time-dependent coeffecients of the mechanical de-
grees of freedom are
f(t) = g[x cos(∆t) + p sin(∆t)] (3)
g(t) = g[x sin(∆t)− p cos(∆t)]. (4)
We write the exact propagator by ansatz, assuming the
form
U(t) = e−iA(t)e−iF (t)xbe−iG(t)pb , (5)
and solve for the functions A(t), F (t), and G(t) by en-
forcing that U(t) satisfy the equation
i
d
dt
U(t) = HIU(t). (6)
In doing so, one finds the the solutions
F (t) =
∫ t
0
dt′f(t′)
G(t) =
∫ t
0
dt′g(t′) (7)
A(t) = −
∫ t
0
dt′F (t′)g(t′)
Following through the integration yields
F (t) =
g
∆
[x sin(∆t)− p cos(∆t) + p]
G(t) =
g
∆
[x− x cos(∆t) − p sin(∆t)] (8)
and
A(t) =− g
2
∆2
( t∆
2
(x2 + p2)
+
1
4
sin(2∆t)(p2 − x2) + px
2
[cos(2∆t)− 1]
− px[cos(∆t)− 1]− p2 sin(∆t)
)
. (9)
The coefficients of the mechanical degrees of freedom os-
cillate in time, simultaneously returning to zero whenever
the timing condition tn = 2πn/∆ for integer n is satis-
fied. At those times, the remaining part of the propagator
entangles the optical modes with the operation of
A(tn) = − g
2
∆2
πn(x2 + p2). (10)
For optical states initially in the vacuum, the covariance
matrix of the optical modes can be constructed, and a
detailed calculation gives the logarithmic negativity
EN = −1
2
log2
(
2r2 −
√
4r8 + 8r6 + 5r4 + r2 + 2r4 +
1
4
)
−1
(11)
where r = πng2/∆2.
LOGARITHMIC NEGATIVITY
To quantify the entanglement between the optical
modes of the system, we use the logarithmic negativity.
For two-mode Gaussian states described by annihilation
operators ai (i = 1, 2) that satisfy the bosonic commu-
tation relations [ai, a
†
j ] = δij , the logarithmic negativity
can be calculated from the expression
EN = max
(
0,− log2 2η−
)
, (12)
where
η− =
1√
2
√
Σ−
√
Σ2 − 4detV , (13)
and
Σ = detA+ detB − 2detC. (14)
The matrices A,B, and C are 2× 2 blocks of the covari-
ance matrix
V =
(
A C
CT B
)
. (15)
2The components of the covariance matrix have the usual
form
Vij =
1
2
〈∆ξi∆ξj +∆ξj∆ξi〉, (16)
where ∆ξi = ξi − 〈ξi〉, and ~ξ = [x1, p1, x2, p2]T. The
dimensionless quadrature variables xi and pi are con-
structed from the annihilation operators according to
xi = (ai + a
†
i )/
√
2 and pi = i(a
†
i − ai)/
√
2.
From Eq. (12), one finds that the system becomes
entangled when η− < 1/2. In terms of the covariance
matrix, the requirement for entanglement is 4 detV <
Σ− 1/4, which is equivalent to Simon’s partial transpose
criterion [? ].
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